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Abstract. On a manifold with a projective connection we canonically assign a 
second order differential operator acting on the algebra of all densities to any 
tensor density S^^ of fixed weight A. In particular, this implies that on any pro- 
jectively connected manifold, a 'bracket' (symmetric biderivation) on the algebra 
of functions extends canonically to the algebra of densities. 



1. Introduction 

In (U, it was shown that a projective connection (or more accurately a 'projec- 
tive class') on a manifold M can be canonically lifted to a linear connection on the 
total space of a principal M-bundle over M. In addition, the algebra of all densi- 
ties on M can be considered as a subalgebra of the algebra of smooth functions 
on this bundle. This paper builds on the results of [6] and further strengthens 
the close link between projective classes and the algebra of densities. 

Projective connections, having been conceived in the 1920s by E. Cartan in 
Il4ll have flitted in and out of relative obscurity during the last century. They 
have emerged recently in a variety of contexts from integrable systems and pro- 
jectively equivariant quantisation to so called Cartan algebroids. The concept 
itself has been recast and developed periodically most notably by Veblen and 
Thomas (Ill8lll91|20|]), Kobayashi and Nagano (|[lUl[l), and Sharpe (fflTl) among 
many others. Of these refinements, we adopt the notion of projective equivalence 
class, pioneered by Veblen and Thomas (and equivalent to the projective struc- 
tures of Kobayashi), as our definition of choice. From here, to avoid confusion 
with other inequivalent definitions of projective connection, we exclusively use 
the term 'projective class'. 

Here, we briefly recall the notion of projective class and outline the relation 
between this and induced connections on the projectivisation of the tangent bun- 
dle. A tour of Thomas' construction, the projective Laplacian and upper connec- 
tions defined in (Bfl and an account of the results of Khudaverdian and Voronov 
follow and set the scene for the main results. We prove that on a manifold M 
endowed with a projective connection, a tensor density S'^ of weight A can be 
extended to give an invariant homogeneous second order differential operator of 
weight A acting on the algebra of densities 5J(M) of all weights. This immedi- 
ately implies that on a manifold with a projective class, a symmetric biderivation 
(or bracket) on C°°{M) can be canonically extended to a bracket on Q3(M). The 
operator and brackets constructed are then shown to be part of a family of op- 
erators and brackets respectively, indexed by the space of non-vanishing global 
densities and are compared with the results on projectively equivariant quanti- 
sation in |i2J. Finally, we discuss possible improvements and applications. 
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2. Preliminaries 

2.1. Projective Connections. The term 'projective connection' refers to a num- 
ber of disparate notions which are by no means equivalent. A full survey being 
somewhat beyond the remit of this text, we refer the reader to [5] and the refer- 
ences therein for a fuller picture. Here we adopt the following definition. 

Definition 2.1. A projective class on a manifold M is an equivalence class of 
torsion-free linear connections on M having the same geodesies up to reparametri- 
sation. 

Projective classes are also variously referred to as projective connections and 
a projective structures. Despite the elegant geometric formulation, in practice, it 
is more useful to make use of the following classical proposition. 

Proposition 2.2. Let M be a manifold endowed with two torsion-free linear con- 
nections V and V with coefficients T^j and T^j respectively. Then V and nabla 
belong to the same projective equivalence class if and only if either 
i) for some 1-form lu and any two vector fields X and Y, 

"^xY - VxY := u;{X)Y + uj{Y)X, 

ii) or 

We will also refer to H*^^ as the coefficients of the projective class or simply a 
projective class. The quantities U'^j were first introduced by T.Y.Thomas in IfTSU 
and were studied by the so called 'Princeton School' in the 1920s. A coordinate 
atlas can be chosen on M for which U^j disappear if and only if the corresponding 
transition functions belong to the projective group, that is the manifolds is lo- 
cally projective. The failure of H^^ to transform as a tensor is a possible definition 
of a multidimensional Schwarzian derivative. For further details, see Ovsienko 
and Tabachnikov's book [15]. 

One may conceive of a more natural seeming notion of projective connection. 
Consider a vector bundle E M equipped with a linear connection. One could 
call the connection induced on the projectivisation of i? — M 'the associated 
projective connection'. Let us explore this idea further. A linear connection on a 
bundle E —> M can be specified by a distribution in TE deemed horizontal. Such 
a choice of distribution gives rise as usual to a lifting of tangent vectors from 
TM to TE. If {x\ ^"■) is a system of local coordinates on E with x\ . . . , x" being 
base-like and . being fibre-like, the lift of ^ is given by 

where F^^ are the connection coefficients. These coefficients of course are speci- 
fied by di{^"') = T'^f^^''. Now let us projectivise the whole setup. For a vector space 
F, let P(F) denote the associated projective space. Then define F{E) M as 
the projectivisation of E M, that is, the bundle whose fibre at x G M is the 
projectivisation P(-E'x) of the fibre of E at x, and whose transition functions are 
induced by those of E. Choosing an horizontal distribution on E induces a choice 
of distribution on ¥{E) via the derivative of the natural projection ¥{E) ^ E. A 
lifting of vectors from TM to TE then induces a corresponding lifting from TM 



to T¥{E). In inhomogeneous coordinates in which 7^ 0, the local coordinate 
system on F{E) is specified by (1 < a < A;). We have 



This expression vanishes for coefficients of the form F"^ = 5^7^. For any choice of 
A G M therefore, the lifts 



/ d \ d d 



from TM to TE all induce the same horizontal distribution on ¥{E). Indeed, 
such a choice of coefficients no longer specify a linear connection on E, rather a 
(projective) Ehresmann connection. For a comprehensive account, refer to [7]. 

The vanishing of the lifting for coefficients of the form F^j, = d^^i implies that 
the induced connection depends only upon the 'trace free' part of F"^, namely 
:= F^'^ - ^T1^5l where rank(S) = A; + 1 (see [12, Prop. 10, p38]). In the special 
case of i? = TM, there is a choice between taking the first trace F^^ or the second 
trace Ff^. If we demand that both traces vanish, then the traceless part becomes 

= rj, - ;^(^fr^ + jfFt) = 4. 

That two linear connections on M induce the same linear connection on P(TM) 
is therefore implied by their being in the same projective class. Before detailing 
the link between projective classes and densities, we give the following result 
from (6]] the first part of which will form the foundation on which what follows 
is built. 

Theorem 2.3. Let be a projective class and S^^ a tensor field on M. 
i) Then 



is a well defined differential operator on M, the projective Laplacian on M. 
ii) There is a canonical associated canonical upper connectior^ over S^^ in the 
bundle of volume forms whose coefficients are 

77-1-1 

These formulae imply in particular that on manifolds which are locally iso- 
morphic to real projective space, S'^didj + :^djS'^di is an invariant differential 
operator and '^^djS^^ is a connection in the bundle of volume forms for any ten- 
sor field 5**^ . 



^Let S^^ be a tensor on a manifold M and : T*M TM the map S^todx') = S'^cj^d^. 
Recall that an upper connection or contravariant derivative over S^^ in a vector bundle — > M is 
a bilinear map V : n\M)xr{E) T{E) such that V^^fi = /V^tr and V"/(t = 5'«(w)(/)cr-h/V"cr 
for any 1-form lu and / G C°°{M). Upper connections in the volume bundle arise as subprincipal 
symbols of second order differential operators, see Il8]|. 



2.2. The algebra of densities. Let M be a manifold. A density of weight A on 
M or X-density for short is a formal expression taking the form (t){x)\Dx\'^ in local 
coordinates. Here Dx denotes the local coordinate volume form and A G M. The 
space of A-densities forms a real vector space denoted 2Ja(^)- Two densities may 
be multiplied using the rule 

■ ^{x)\Dx\^ := (j){x)iJj{x)\Dx\^^''. 

Let us denote by 5J(M) = 0;^ ^x{M) the space of all densities. Under the multi- 
plication defined above this becomes the so called algebra of densities introduced 
in f8l. Note that 5Jo(Af) = C°°(M) is a subalgebra of 5J(M). 

This algebra is endowed gratis with two natural features. First, exploiting the 
close relation between densities and volume, there is a natural scalar product on 
9J(M). For e 23a(M), ^ G 5J;,(M), define 

The second is a derivation, the weight operator. This is the linear operator 
9J(M) 2J(M) defined as having 23a(M) as its A-eigenspace for each A G M. 
We turn our attention now to the Thomas construction which provides a link 
between densities and projective classes. 

2.3. The Thomas construction. The object of Thomas' construction is to con- 
struct, a manifold M for any manifold M with the property that projective classes 
on M can be canonically lifted to linear connections on M (see lfT9ll . in which M 
is denoted *M). The manifold M is defined locally by attaching an additional 
coordinate to each chart on M and specifying its coordinate changes. If x\ . . . , x"^ 
are a local coordinate system on M, then let be a coordinate sys- 
tem on M. If under a coordinate change on M, = . . . then define 
x° := x° + log Jf where J/ is the absolute value of the determinant of the Jaco- 
bian matrix of /. With this definition, a projective class U'^j gives rise to a linear 

connection f^j, on M via the following formulae. Here and throughout, Gothic 
indices range from to n while Roman indices range from 1 to n. 

~ ~ —^^ ~ « -I- 1 
J- ij ■- iijj, Ob - bo •- ^ _^ ]^ 1 »i „ _ 1 y^^'^^ij ^^qi^hr) 

Indeed, the manifold M is a bundle over M of rank 1. More specifically, it is 
the 'oriented' frame bundle of the bundle of top forms on M. It follows immedi- 
ately that a density (j){x)\Dx\^ on M may be viewed as a function (j){x)e^^^ on M, 
the algebra 23(M) as a subalgebra of C°°(M). Through this correspondence, the 
weight operator w can be interpreted as the tangent vector field on M. 

2.4. Brackets and operators. In |l8l|, Khudaverdian and Voronov constructed 
from a bracket on 5J(M) a canonical generating operator subject to some natu- 
ral conditions. What follows is a brief account of this result and its relation to 
projective classes. 

Definition 2.4. A bracket on a unital commutative associative algebra A is a sym- 
metric biderivation on A. A bracket { ■ , ■ } is said to he generated by a differential 
operator /\ : A ^ Aii for all a,b E A, 



{a, 6} = A(a6) - aA(6) - A(a)6 + a6A(l). 



A bracket on a manifold M is a bracket on C°°(M). A bracket on 5J(M) is said to 
have weight A if for g 2J^,(Af), G "B^.iM), {0, 7/;} G 5J^,+^,+a(M). 

For an operator A to generate a bracket, it must in fact be of second order in 
the algebraic sense. Two second order operators generate the same bracket if 
and only if they differ by a first order operator on A. Now the promised unique- 
ness result from Il8ll . 

Theorem 2.5. Let A he endowed with an invariant symmetric scalar product 
( ■ , • ), i.e. {a, be) = {ab, c) W a,b,c G A. Then generating a given bracket, there is 
an unique operator A which is self adjoint with respect to the scalar product and 
such that A(l) = 0. 

Although the theorem can viewed in a purely algebraic context, it has wide 
reaching ramifications when applied to algebras of functions and densities, the 
latter being the main thrust of [8]. A bracket on M is nothing but a symmetric 
tensor with two upper indices by another name: S'Wifdjg = {f,g}. Adopting this 
correspondence, the first part of Theorem 12 . 3 1 could be rephrased as, 'On a man- 
ifold endowed with a projective class, every bracket has a canonical generating 
operator'. 

A bracket on 23(M) of weight A is specified by three quantities: 

S'^Dx\^ = {x\x^} 
(3) Y\Dx\^+^ = {x\\Dx\} 

e\Dx\^+^ = {\Dx\,\Dx\} 

Here we assume without loss of generality that our bracket is homogeneous and 
of weight A. Each of the objects 7* and 9 have interesting geometric interpreta- 
tions - see [8]. The theorem guarantees that generating each bracket on 5J(M), 
there is an unique operator which is self adjoint with respect to the scalar prod- 
uct © and constant free. Calculating explicitly in coordinates, if the bracket is 
given by ©, the generating operator is 
(4) 

A = \Dx\^ {S'Widj + 2fwdi + 9w^ + {djS'' + (A - l)Y)di + (5,7" + (A - l)^)^;) . 

3. The Main result 

This section will be devoted mainly to the explanation and derivation of the 
following result. 

Theorem 3.1. Let M be a manifold of dimension n > 1 equipped with a projective 
class and a tensor density 5*^ of weight A 7^ There is a canonical second 

order differential operator of weight A acting on densities extending S'^K 

By tensor density of weight A, we refer to an object such that S''^\Dx\^ is 
a tensor. The operator constructed above 'extends' S'^ in the sense that it is 
equal to \Dx\^S''^didj + other terms. Theorem 13.11 immediately implies the more 
palatable corollary: 

Corollary 3.2. Let M be a manifold of dimension n > 1 equipped with a projec- 
tive class. Then every bracket on M can be extended canonically to a bracket on 
5J(M). 



Proof. Taking A = 0, the tensor density S"'^ in the hypothesis of Theorem 13.11 
becomes a bracket on M. The operator given by Theorem 13.11 then generates a 
bracket on 5J(M) which extends the bracket {/, g} = S^'Wifdjg. □ 

Let us take the first steps toward proving Theorem 13.11 In the previous sec- 
tion, an expHcit formula for the canonical operator generating a given bracket on 
QJ(M) was given in terms of the bracket coefficients. Regarding 5J(M) as a sub- 
algebra of C°°(M), a bracket on QJ(M) is a bracket on M. As mentioned, brackets 
on M and symmetric tensors with two upper indices on M are synonymous. The 
same is true on M and so a bracket on 5J(A/) defines a tensor 5'°'' on M. Given a 
bracket defined by ©, the tensor 5'°'' decomposes as 

(5) 5*J = e^^°5'^ 5°^ = = e^^%\ S°^ = e^''°e. 

Suppose now that M is endowed with a projective class H^^ and a bracket given 
by ©. Then applying Theorem 12.31 to M yields a differential operator acting on 
densities: 



(6) A = s^'dA + ( ^d,s'' - "^s'^ni ) da 

Indeed, for the construction of A, it is enough for M to be equipped with a 
projective class since: 

Proposition 3.3. A projective class H^^ on M induces a projective class Hg^. on M 
defined as 

rrfc — rrfc rrfc _ rrfc — i ttO _ 77° — fl 

ii., - ^kr ^ho - - + + 2) ' " °^ ^' 
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(n + l)(n + 2)' 



Proof. Using the Thomas construction, the projective class Ilf^ on M induces a 

linear connection on M. The above expressions are given by taking the projective 
class of this connection. □ 

Substituting ([5]) and ([7]) into I®, the argument thus far can be summarized as: 

Lemma 3.4. Let M he a manifold endowed with a projective class and a bracket 
on 53(M). Then there is a canonical second order differential operator acting on 
densities generating the bracket. If the bracket is given by the operator is 
given as 

(8) 

\n + A (n + l)(n + 4) (n-l)(n + 4) ^ / 

Note that in the above expression, is the weight operator defined above. 
In the style of (8]], A can be equivalently interpreted as a pencil of operators 



: 5J^(M) ^ 23^+a(M) for /i g M given by 

A, = e^^° ( s^WA + ( ^d,s^^ + ( ^^^ + ^^ + ^\ + 2/.") f - ^s^'^n;.,^ a, 

n + 4 ' \{n + l){n + 4:) (n-l)(n + 4) ^ J 

Let us impose now the condition that A is self adjoint with respect to the 
scalar product ©. Since it is already constant free, by Theoreni l2.5l A must then 
be equal to the canonical operator dH). Equating coefficients, 

77 _|_ 1 

n + 3-A(n+l) ^ ^ 

Having obtained these expressions, they can be used to define 7* and 6. Substi- 
tuting dH) into dH]) gives Theorem 13. 11 Setting A = and substituting instead into 
([3]) proves Corollary 13.21 directly without reference to Theorem 13 .11 

Remarks 3.5. i) The operator is not well defined for the cases A = 

These cases are referred to by Ovsienko and Bouarroudj as resonant - see 

Gllll. 

ii) As one would expect, if the bracket in the hypothesis of Theorem 13.11 is a 
bracket on M, then we recover Theorem 12.31 

iii) In [51 it was noted that in the case A = 0, 7* defines an upper connection over 

in the bundle of volume forms. Indeed, setting A = in ([9]) recovers the 
expression given in Theorem 12. 3 [ 

Further Remarks. 

Iterated Thomas construction. Consider the Jacobian matrix corresponding to a 
change of coordinates on M. This is of the form 





9 log J 








The modulus of the determinant of this matrix is therefore J = J. It follows 
then that densities on M are also densities on M via the inclusion (f){x)\Dx\^ 1— 
(f){x)\Dx\^ e QJ(M) where Dx is the volume element on M. All the above con- 
structions can then be iterated, replacing M with M and M with M. Continuing 
this process. Theorem 13.11 and Corollary 13.21 are the first in a family of results 
indexed by the natural numbers. 

A special case. In addition let us make an observation in the special case that 
M is endowed with a density p{x)\Dx\'^. Then the canonical scalar product can 
be modified by defining 



Theorem [23] can be applied to 5J(M) with {cp, ^)p^o- as the scalar product. Turning 
the same handle, we obtain 



Theorem 3.6. Let M be a manifold with a projective class U'^j a tensor density 
S^^ of weight A. Then there is a family of second order differential operators Ap ,^ 
extending S''^ indexed by densities p{x)\Dx\'^. 

The formula is 
(11) 



\n + A (n + l)(n + 4) (n-l)(ra + 4) ^ ) 



where now 
(12) 



n -\- \ I Ti -\- A 



The existence of global densities p{x)\Dx\'' of non-zero weight is perhaps less 
restrictive than might be imagined. Probing the bundle structure of M M 
more precisely, it is clear that M is a trivial M+ bundle over M, where M+ denotes 
the additive group of real numbers. As such, there is some global section M 
M = M X M taking x i— > (x, s{x)). Therefore we can consider in local coordinates 
on M the densities p = e'^^i^^'-'^") for arbitrary cr G M. 

Given a density as above, one can of course construct a 1 -density by raising 
to the appropriate power. It was noted in [8] that given such a density, p, the 
quantities ji = —dilogp define a (flat) connection in the volume bundle. The 
whole bracket on densities can be constructed in this case via 7* := 5**^74 and 
■= 7*7j. The bracket constructed is distinct from the bracket given above. 

Projectively equivariant quantisation. Theorem 13.11 assigns to each tensor den- 
sity S**^ of weight A a second order differential operator acting on densities. Such 
a procedure fits into the general programme dubbed projectively equivariant 
quantisation by Lecomte and Ovsienko in their seminal paper [11]. By a quanti- 
sation on M", we refer to a bijection from the space of tensor densities S"^^ (or 
'symbols'), to the space of differential operators on C°°(]R) which preserves the 
principal symbol. Requiring this bijection to be equivariant with respect to the 
action of Diff(M'^) is too stringent and no such map exists. However, restricting to 
the action of the projective group is more reasonable. Indeed, in IfTTH . it is proved 
that not only does such a map exist, it is also unique. 

The authors of [TTl speculated on the possibility of a generalisation of this 
result in the case of manifolds endowed with a projective class. Bordemann an- 
swered this question in [1], producing such a quantisation. Bouarroudj produced 
explicit formulae for projectively equivariant quantisations in degree two and 
three (I12i|3j). Later Mathonet and Radoux constructed an equivariant quantisa- 
tion from a Cartan projective connection (fT3^, T^l) before Radoux showed ([16]) 
that in this more general setup, there are many possible projectively equivariant 
quantisations. 

It is most natural to compare the result here to the explicit formula in l[2l[. 
In the case A = 0, the operators agree, as pointed out to me by S. Bouarroudj. 



However, in the general case, the operators disagree despite having the same 
resonant values for A (see L2J for more details). 

4. Further Discussion 

Given the results contained here, there are many avenues for further interest. 
We give a few that immediately spring to mind. 

Vector bundles. The projective connection coefficients <l>^^ defined in [J2] are de- 
fined for arbitrary vector bundles. In the case of the tangent bundle. Theorem 
12.31 can be modified to give a projective Laplacian defined in terms of rather 
than nf^ . One avenue for further study is the generalisation of the results given 
here to arbitrary vector bundles. This would involve an appropriate of modifica- 
tion of Thomas' construction, replacing M with some other bundle. 

Projectively equivariant quantisation. Although the notion of projectively equi- 
variant quantisation has been alluded to. Theorem 13.11 does not define a bona 
fide example, only giving the quantisation map in the case of second order sym- 
bols and operators. Higher order analogues of Theorems 12.31 and 12.51 apart from 
being interesting in their own right, would no doubt prove fruitful in this regard. 

Poisson manifolds. All brackets considered here are symmetric. This immedi- 
ately excludes the possibility of applying the constructions to Poisson manifolds 
and other antisymmetric structures. On a supermanifold however, any odd sym- 
metric bracket gives rise to an odd Poisson bracket canonically. To study this 
situation, projective classes, the projective Laplacian and the Thomas construc- 
tion would have to be replicated for supermanifolds. This is not only possible, 
but is the subject for a text in preparation. 
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